Abstract. We present counterparty risk by a jump in the underlying price and a structural change of the price process after the default of the counterparty. The default time is modeled by a default-density approach. Then we study an exponential utility-indifference price of an European option whose underlying asset is exposed to this counterparty risk. Utility-indifference pricing method normally consists in solving two optimization problems. However, by using the minimal entropy martingale measure, we reduce it to solving only one optimal control problem. In addition, to overcome the incompleteness obstacle generated by the possible jump and the change in structure of the price process, we employ the BSDE-decomposition approach in order to decompose the problem into a global-before-default optimal control problem and an after-default one. Each problem works in its own complete framework. We demonstrate the result by numerical simulation of an European option price under the impact of the size of the jump, intensity of the default, absolute risk aversion and change in the underlying volatility. problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a jump in price, but also changes in its drift and/or volatility.
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The paper is structured as follows. Section 2 lays out the model and the option pricing problem with a default density hypothesis. In Section 3 we present the minimal entropy martingale measure approach (MEMM) to solve the utility-difference pricing problem as well as the resulting MEMM density of our problem. Once we have this MEMM density, the option price is obtained using the decomposition approach and the BSDE calculation in Section 4. Finally we demonstrate the numerical simulation of a basic European option in Section 5.
Basic definition and hypothesis
In our model, the risky asset subject to a counterparty risk is denoted by a stochastic process S = (S t ) t ¸ 0 . Our objective is to calculate the price of an European derivative (option) mature at a finite time horizon T on this security.
We consider a probability space (Ω,
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In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the and the option pricing problem with a default density hypothesis. In Section 3 we present the minimal entropy martingale measure approach (MEMM) to solve the utility-difference pricing problem as well as the resulting MEMM density of our problem. Once we have this MEMM density, the option price is obtained using the decomposition approach and the BSDE calculation in Section 4. Finally we demonstrate the numerical simulation of a basic European option in Section 5.
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The D-type variable-order derivative and its discrete approximation is given, respectively, by The E -type variable-order derivative and its discrete approximation is given, respectively, by The main motivation of considering the above definitions of fractional variable order derivatives is a fact, that they are widely presented in literature and can be applied in physical systems. In [22] , the A -type of fractional variable order derivative was successfully used to design the variable order PD controller in robot arm control. In [23] , the heat transfer process in specific grid-holes media whose geometry is changed in time was modeled by a new D-type definition. Moreover, these definitions posses mutual duality properties described in [24] , which can be adapt to solve the fractional variable order differential equations (see [21] ).
Matrix forms of fractional variable order differences
The matrix form of the fractional constant order difference (1) is given as follows ([25, 26] ):
. . .
. . 
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We note that for any θ ≥ 0, the process {α t (θ ), 0 ≤ t ≤ T } is a (P, F)-martingale. Under the hypothesis (DH), the (P, F)-Brownian motion W is a G-semimartingale and admits an explicit decomposition in 1 , denoted by a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. Section 2 lays out the model
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In our model, the risky asset subject to a counterparty risk is denoted by a stochastic process S = (S t ) t≥0 . Our objective is to calculate the price of an European derivative (option) mature at a finite time horizon T on this security. We consider a probability space (Ω, F , P) equipped with a Brownian motion W = (W t ), t ∈ [0, T ] over a finite time horizon T < ∞ and its natural filtration F = (F t ), t ∈ [0, T ] satisfying the usual conditions of right-continuity and completeness. The default time is defined by a non-negative and finite random variable τ on (Ω, G , P). Before the default time τ, filtration F represents the information accessible to the investors. When the default occurs, the investors observe it and add this new information τ to the reference filtration F. We then introduce the jump process
is the filtration generated by this jump process. Finally, enlarged progressive filtration F∨D, denoted by G = (G t ),t ∈ [0, T ] represents the global information available for the investors over
HYPOTHESIS 1 DH. For any t ∈ [0, T ], the conditional distribution of τ given F t admits a density with respect to the Lebesgue measure, i.e. there exists a family of F t ⊗ B(R + )-measurable positive functions (ω, θ ) → α t (θ ) such that
Introduction
In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. Section 2 lays out the model and the option pricing problem with a default density hypoth esis. In Section 3 we present the minimal entropy martin gale measure approach (MEMM) to solve the utility-difference pricing problem as well as the resulting MEMM density of ou problem. Once we have this MEMM density, the option price is obtained using the decomposition approach and the BSDE calculation in Section 4. Finally we demonstrate the numerica simulation of a basic European option in Section 5.
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We note that for any θ ≥ 0, the process {α t (θ ), 0 ≤ t ≤ T } is a (P, F)-martingale. Under the hypothesis (DH), the (P, F)-Brownian motion W is a G-semimartingale and admits an explicit decomposition in 1 -semimartingale and admits an explicit decomposition in terms of the density α given by (see [1, 5, 6]) terms of the density α given by (see [1, 5, 6] )
where W G is a (P, G)-Brownian motion and t 0 J s ds is a finite variation G-adapted process defined by
where G t = P[τ > t|F t ] is the conditional survival probability. J admits the following decomposition
is a (P, G)-martingale (see [1] ), where
, we have
• Asset model: The dynamics of the risky asset subject to a counterparty risk is represented by a G-adapted discounted price process such that
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by:
family of F-adapted processes representing the discounted price process after the default at time τ = θ , governed by
We can see from (4), (5) and (6) that the dynamics of the dis counted stock price process S can be written as:
The interpretation of the contagion risk model for the dis counted asset price S is as follows. The process S F represent the asset price before the default, and there is a jump on the stock price at the default time of the counterparty, whose size is represented by the process γ , which may take positive o negative values, corresponding to the proportional gain or los on the stock price. After the default at time τ = θ , S d (θ represents the asset price process, where there is a change in the coefficients depending on the default time, for example, i we expect that the volatility σ d (θ ) after default is greater than the volatility σ F before default, we can specify
• Wealth dynamic:
, which is G-predictable, denote the amoun of wealth invested at time t in the stock (also called trading strategy). We also define the discounted strategy process π t = e −rtπ t , where r is the risk-free rate. Similarly to the previou section,π could be decomposed into the form
The investor's wealth, decomposed as
is a G-adapted process following the dynamics
whereS t = e rt S t is the stock price process. Finally, the discounted wealth process X π t = e −rtXπ t has the following dynamics
where W terms of the density α given by (see [1, 5, 6] )
is a measurable (in θ ) family of F-adapted processes representing the discounted price process after the default at time τ = θ , governed by
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We can see from (4), (5) and (6) that the dynamics of the d counted stock price process S can be written as:
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In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by and the option pricing problem with a default density hypothesis. In Section 3 we present the minimal entropy martingale measure approach (MEMM) to solve the utility-difference pricing problem as well as the resulting MEMM density of our problem. Once we have this MEMM density, the option price is obtained using the decomposition approach and the BSDE calculation in Section 4. Finally we demonstrate the numerical simulation of a basic European option in Section 5.
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• Indifference pricing with counterparty risk Abstract. We present counterparty risk by a jump in the underlying price and a structural change of the price process after the default of the counterparty. The default time is modeled by a default-density approach. Then we study an exponential utility-indifference price of an European option whose underlying asset is exposed to this counterparty risk. Utility-indifference pricing method normally consists in solving two optimization problems. However, by using the minimal entropy martingale measure, we reduce to solving just one optimal control problem. In addition, to overcome the incompleteness obstacle generated by the possible jump and the change in structure of the price process, we employ the BSDE-decomposition approach in order to decompose the problem into a global-before-default optimal control problem and an after-default one. Each problem works in its own complete framework. We demonstrate the result by numerical simulation of an European option price under the impact of jump's size, intensity of the default, absolute risk aversion and change in the underlying volatility.
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In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal conand the option pricing problem with a default density hypothesis. In Section 3 we present the minimal entropy martingale measure approach (MEMM) to solve the utility-difference pricing problem as well as the resulting MEMM density of our problem. Once we have this MEMM density, the option price is obtained using the decomposition approach and the BSDE calculation in Section 4. Finally we demonstrate the numerical simulation of a basic European option in Section 5.
Basic definition and hypothesis
In the sequel, we make the basic assumption on the default -adapted discounted price process such that terms of the density α given by (see [1, 5, 6] )
The investor's wealth, decomposed as 
where S terms of the density α given by (see [1, 5, 6] )
where
is the conditional survival probability. J admits the following decomposition
and γ is Fadapted process that represents the percentage price's change immediately at the default time of the counterparty. We assume that for all t ∈ [0, T ], σ t > 0 and γ t ∈ (−1, 1) almost everywhere, and the following integrability condition is satisfied
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In our model, the risky asset subject to a counterparty risk is denoted by a stochastic process S = (S t ) t≥0 . Our objective is to calculate the price of an European derivative (option) mature at a finite time horizon T on this security. We consider a probability space (Ω, F , P) equipped with a Brownian motion W = (W t ), t ∈ [0, T ] over a finite time horizon T < ∞ and its natural filtration F = (F t ), t ∈ [0, T ] satisfying the usual conditions of right-continuity and completeness. The default time is defined by a non-negative and finite random variable τ on (Ω, G , P). Before the default time τ, filtration F represents the information accessible to the investors. When the default occurs, the investors observe it and add this new in--adapted process representing the discounted price process in the default-free market, governed by:
is represented by a G-adapted discounted price process such that
and γ is Fadapted process that represents the percentage price's change immediately at the default time of the counterparty. We assume that for all t ∈ [0, T ], σ t > 0 and γ t ∈ (−1, 1) almost everywhere, and the following integrability condition is satisfied for all θ ∈ [0, T ],
which ensure that the dynamics of the discounted price process is well defined. We denote two G-adapted processes µ and σ by 
family of default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. Section 2 lays out the model pricing problem as well as the resu problem. Once we have this MEM is obtained using the decompositi calculation in Section 4. Finally w simulation of a basic European op
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Basic definition and hypothesis
In our model, the risky asset subject to a counterparty risk is denoted by a stochastic process S = (S t ) t≥0 . Our objective is to calculate the price of an European derivative (option) mature at a finite time horizon T on this security. We consider a probability space (Ω, F , P) equipped with a Brownian motion W = (W t ), t ∈ [0, T ] over a finite time horizon T < ∞ and its natural filtration F = (F t ), t ∈ [0, T ] satisfying the usual conditions of right-continuity and completeness. The default time is defined by a non-negative and finite random variable τ on (Ω, G , P). Before the default time τ, filtration F represents the information accessible to the investors. When the default occurs, the investors observe it and add this new information τ to the reference filtration F. We then introduce the jump process In the sequel, we make the basic assumption on the default time of the counterparty, called density hypothesis (see [1] ). HYPOTHESIS 1 DH. For any t ∈ [0, T ], the conditional distribution of τ given F t admits a density with respect to the Lebesgue measure, i.e. there exists a family of
Under the hypothesis (DH), the (P, F)-Brownian motion W is a G-semimartingale and admits an explicit decomposition in 1 t tion of drag expression in [7] . Numerical implementations of fractional variable order integrators and differentiators can be found in, e.g., [8, 9] . The fractional variable order calculus can also be used to describe variable order fractional noise [10] . In [11], the variable order interpretation of the analog realization of fractional orders integrators, realized as domino ladders, has been considered. Applications of variable order derivatives and integrals arise also in control [12, 13, 14] .
In In our paper, a method of finding a numerical solution of fractional variable order control system in a state-space form is introduced, both for time-invariant as well as time-variant case. Moreover, the obtained results are also valid for system of differential equations with different types of variable orders derivatives. To validate our approach the fractional variable or- * e-mail: wmalesza@ee.pw.edu.pl * * e-mail: michal.macias@ee.pw.edu.pl type will be used as a base of generalization onto variable order
where α ∈ R, l = 0, . . ., k, and h > 0 is a sample time.
We will consider the following four types of fractional variable order derivatives and their discrete approximations (differences). We admit the order is changing in time, i.e., α(t) ∈ R for t > 0; and in discrete-time domain α l ∈ R for l = 0,...,k, where k ∈ N.
The B-type variable-order derivative and its discrete approxi-1 ( of fractional calcunal calculus has been r of many materials diffusion processes. eled more efficiently rated in [4, 5] . varying, begun to be e order behavior can when system's proptions. Experimental f physical fractional ed in [6] . 
Fractional variable order operators
Below, we recall the already known different types of fractional constant and variable order derivatives and differences.
Definitions of variable order operators
The following fractional constant order difference of Grünwald-Letnikov type will be used as a base of generalization onto variable order
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In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. Section 2 lays out the model and the option pricing problem with esis. In Section 3 we present the gale measure approach (MEMM) to s pricing problem as well as the resulti problem. Once we have this MEMM is obtained using the decomposition calculation in Section 4. Finally we d simulation of a basic European optio
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where A is the set of admissible trading strategies. The utility indifference price Pr of the derivative is implicitly defined by
is the maximal conditional expected utility we can achieve by starting with initial capital x and do not pay out anything at the maturity T . In other words, V 0 (x) is the value-function of the optimization problem without trading derivative. Utility indifference price Pr is the price which equates the expected utility including the contingent claim B with the expected utility without the contingent We now proceed to calculate the MEMM for the risky asset in the defaultable context presented in the previous Section. Firstly, we denote G-adapted process F * as follows
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DEFINITION 1. Denote
where H (Q|P) is the relative entropy of Q with respect i.e.
otherwise.
If an equivalent local martingale measure P * ∈ P e, f satis following condition
then P * is called a MEMM.
According to Proposition 3 in [3] , in case of an expon utility,
the utility indifference price Pr of the derivative can be de as
where P * is the minimal entropy martingale measure. As a result, the utility indifference pricing valuation ref solving a unique optimization problem of the form
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Basic definition and hypothesis
In our model, the risky asset subject to a counterparty risk is denoted by a stochastic process S = (S t ) t≥0 . Our objective is to calculate the price of an European derivative (option) mature at a finite time horizon T on this security. We consider a probability space (Ω, F , P) equipped with a Brownian motion W = (W t ), t ∈ [0, T ] over a finite time horizon T < ∞ and its natural filtration F = (F t ), t ∈ [0, T ] satisfying the usual conditions of right-continuity and completeness. The default time is defined by a non-negative and finite random variable τ on (Ω, G , P). Before the default time τ, filtration F represents the information accessible to the investors. When the default occurs, the investors observe it and add this new in- 
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In the following subsections, we will solve the optimization problem in a defaultable context by using the approach proposed by [4] .
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Because H (Q|P * ) ≥ 0 (see Theorem 1.4.1 of [8] ), P * is an MEMM by definition.
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Numerical results
For illustration, we price an European call option w a security exposed to a risk of counterparty default. T sity of default time is assumed to be an exponential dis with constant intensity λ > 0: α(θ ) = λ e −λ θ . This tion implies the immersion property (see [1] ) and cons W G = W and J = 0. Moreover, we assume the jump's constant.
In the proof of Theorem 1 we have
L has the G-decomposition of the form
where L F t and L d t (θ ) are governed by, respectively,
Also by equation (15), β t could be decomposed as
is a strictly positive (P,
Applying Ito formula for L t S t we have for 
Utility indifference price by MEMM method
Decomposition of the optimal control problem
The whole problem is decomposed into two sub-problems: before and after the default. In this work, the pay-off is subject to change depending on the default's occurrence, which sometimes happens in a credit-related product. By definition of C in (19), C could have the G-decomposition of the form 
where , is a strictly positive (P,
Utility indifference price by MEMM method
Decomposition of the optimal control problem
The whole problem is decomposed into two sub-problems: before and after the default. In this work, the pay-off is subject to change depending on the default's occurrence, which sometimes happens in a credit-related product. By definition of C in (19), C could have the G-decomposition of the form (see Theorem 9 of [7] ). Therefore,
for L t S t we have for t ∈ [0, T ],
4) of φ , in the case of τ ≤ T we have
Utility indifference price by MEMM method
Decomposition of the optimal control problem
The whole problem is decomposed into two sub-problems: before and after the default. In this work, the pay-off is subject to change depending on the default's occurrence, which sometimes happens in a credit-related product. By definition of C in (19), C could have the G-decomposition of the form
Utility indifference price by MEMM metho
Recalling from (10) that the utility indifference price o Vanilla Option is
the valuation therefore consists in solving the optimiza problem
In the following subsections, we will solve the optimiza problem in a defaultable context by using the approach posed by [4] .
4.1. Decomposition of the optimal control problem whole problem is decomposed into two sub-problems: be and after the default. In this work, the pay-off is subjec change depending on the default's occurrence, which so times happens in a credit-related product. By definition of (19), C could have the G-decomposition of the form
Utility indifference price by MEMM method
Recalling from (10) that the utility indifference price of Vanilla Option is
the valuation therefore consists in solving the optimizatio problem
In the following subsections, we will solve the optimizatio problem in a defaultable context by using the approach pr posed by [4] .
4.1. Decomposition of the optimal control problem T whole problem is decomposed into two sub-problems: befo and after the default. In this work, the pay-off is subject change depending on the default's occurrence, which som times happens in a credit-related product. By definition of C (19), C could have the G-decomposition of the form
Bull. Pol. Ac.: 
Applying Ito formula for L t S t we have for
Utility indifference price by MEMM method
Decomposition of the optimal control problem
The whole problem is decomposed into two sub-problems: before and after the default. In this work, the pay-off is subject to change depending on the default's occurrence, which sometimes happens in a credit-related product. By definition of C in (19), C could have the G-decomposition of the form martingale on [0, T ] (see Theorem 9 of [7] ). Therefore, L is a strictly positive (P, 
Applying Ito formula for L t S t we have for
Utility indifference price by MEMM metho
4.1. Decomposition of the optimal control problem whole problem is decomposed into two sub-problems: be and after the default. In this work, the pay-off is subjec change depending on the default's occurrence, which so times happens in a credit-related product. By definition of (19), C could have the G-decomposition of the form 
Applying Ito formula for L t S t we have for
Utility indifference price by MEMM method
4.1. Decomposition of the optimal control problem T whole problem is decomposed into two sub-problems: befo and after the default. In this work, the pay-off is subject change depending on the default's occurrence, which som times happens in a credit-related product. By definition of C (19), C could have the G-decomposition of the form 
Decomposition of the optimal control problem.
The whole problem is decomposed into two sub-problems: before and after the default. In this work, the pay-off is subject to change depending on the default's occurrence, which sometimes happens in a credit-related product. By definition of C in (19), C could have the Abstract. We present counterparty risk by a jump in the underlying price and the counterparty. The default time is modeled by a default-density approach. T European option whose underlying asset is exposed to this counterparty risk. Uti two optimization problems. However, by using the minimal entropy martingale me In addition, to overcome the incompleteness obstacle generated by the possible jum the BSDE-decomposition approach in order to decompose the problem into a glob one. Each problem works in its own complete framework. We demonstrate the under the impact of jump's size, intensity of the default, absolute risk aversion an Key words: utility function, indifference pricing, counterparty risk, minimal entr
Introduction
In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. 
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Decomposition of the optimal control problem
where C where G t = P[τ > t|F t ] is the conditional survival probability. J admits the following decomposition
and γ is Fadapted process that represents the percentage price's change immediately at the default time of the counterparty. We assume that for all t ∈ [0, T ], σ t > 0 and γ t ∈ (−1, 1) almost everywhere, and the following integrability condition is satisfied for all θ ∈ [0, T ], where G t = P[τ > t|F t ] is the conditional survival probability. J admits the following decomposition
is the (P, G)-predictable compensator of jump process
• Asset model: The dynamics of the risky asset subject to a counterpar is represented by a G-adapted discounted price proces that
where S F is an F-adapted process representing the disc price process in the default-free market, governed by:
is a measurable (in θ ily of F-adapted processes representing the discounted process after the default at time τ = θ , governed by
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Basic definition and hypothesis
We note that for any θ ≥ 0, the process {α t (θ ), 0 ≤ t ≤ T } is a (P, F)-martingale. Under the hypothesis (DH), the (P, F)-Brownian motion W is a G-semimartingale and admits an explicit decomposition in 
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and A d (θ ) is the set of all admissble strategies after default. By using the backward recursive framework with BSDEs system as in [4] (see equations (3.8) and (3.9)), we have the decomposition of the global optimization problem (18) in the following remark
where A F is the set of all admissible strategies before default.
Solution of the optimal investment problem
In our model, we allow the drift and diffusion coefficients after the default (µ d ,σ d ) to depend on the default time τ. This assumption makes this optimization problem unable to be solved if one uses the classical dynamic programming approach. In order to solve the problem, we first find the after-default value-function and then the before-default one using a recursive BSDE framework as in [4] .
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Introduction
Fractional calculus generalizes traditional integer order integration and differentiation onto non-integer order operators.
The idea was first mentioned in 1695 by Leibniz and de l'Hôpital. In the end of 19th century, Liouville and Riemann introduced the first definition of fractional derivative. However, only in late 60' of the 20th century, the idea drew attention of engineers. Theoretical background of fractional calculus can be found in, e.g., [1, 2, 3] . Fractional calculus has been found a convenient tool to model behavior of many materials and systems, particularly those involving diffusion processes. For example, ultracapacitors can be modeled more efficiently using fractional calculus, as was demonstrated in [4, 5] . Recently, the case when order is time-varying, begun to be studied extensively. The fractional variable order behavior can be encountered for example in chemistry when system's properties are changing due to chemical reactions. Experimental studies of an electrochemical example of physical fractional variable order system have been presented in [6] . The variable order equations have been used to describe time evolution of drag expression in [7] . Numerical implementations of fractional variable order integrators and differentiators can be found in, e.g., [8, 9] . The fractional variable order calculus can also be used to describe variable order fractional noise [10] . In [11], the variable order interpretation of the analog realization of fractional orders integrators, realized as domino ladders, has been considered. Applications of variable order derivatives and integrals arise also in control [12, 13, 14] .
In In our paper, a method of finding a numerical solution of fractional variable order control system in a state-space form is introduced, both for time-invariant as well as time-variant case. Moreover, the obtained results are also valid for system of differential equations with different types of variable orders derivatives. To validate our approach the fractional variable or- * e-mail: wmalesza@ee.pw.edu.pl * * e-mail: michal.macias@ee.pw.edu.pl der state-space system was physically build and the experimental results were compared with numerical implementations. The paper is organized as follows. At the beginning, in Sect. 2, the few types of fractional variable order derivatives are recalled, together with their discrete approximations and matrix forms. In Sect. 3 the solution of linear control system in state-space form for time-variant and time-invariant noncommensurate fractional variable order system is presented. An analog model of particular type of fractional variable order state-space system is introduced in Sect. 4. The experimental and numerical results are collected in Sect. 5. Finally, Sect. 6 summarizes the main results.
Fractional variable order operators
Definitions of variable order operators
where α ∈ R, l = 0, . . ., k, and h > 0 is a sample time. We will consider the following four types of fractional variable order derivatives and their discrete approximations (differences). We admit the order is changing in time, i.e., α(t) ∈ R for t > 0; and in discrete-time domain α l ∈ R for l = 0,...,k, where k ∈ N.
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Definitions of variable order operators
where η = ⌊t/h⌋, and l terms of the density α given by (see [1, 5, 6] )
is a measurable (in θ ) family of F-adapted processes representing the discounted price process after the default at time τ = θ , governed by 
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.2. Solution of the optimal investment problem In our odel, we allow the drift and diffusion coefficients after the efault (µ d ,σ d ) to depend on the default time τ. This assumpion makes this optimization problem unable to be solved if one ses the classical dynamic programming approach. In order to olve the problem, we first find the after-default value-function nd then the before-default one using a recursive BSDE frameork as in [4] .
.2.1. The after-default utility maximization problem n the case of an exponential utility, the recursive framework n [4, Theorem 4.2, case k = n] helps to find the solution of he after-default value function V d θ (x) in the following simple orm
Finally, by equation (10), the utility indifference price can be calculated by
where L F t and L d t (θ ) are governed by, respectively, L has the two optimization problems. However, by using the minimal entropy martingale measure, w In addition, to overcome the incompleteness obstacle generated by the possible jump and th the BSDE-decomposition approach in order to decompose the problem into a global-before one. Each problem works in its own complete framework. We demonstrate the result by under the impact of jump's size, intensity of the default, absolute risk aversion and change
Key words: utility function, indifference pricing, counterparty risk, minimal entropy, BSD
Introduction
In financial market, a firm's price could be influenced by the default of another counterparty. Generally, this default will induce a drop in the firm's stock value, though sometimes this stock value could rise after a counterparty's default. The drop corresponds to a contagious loss when the asset is positively correlated with the counterparty, while the rise often represents a negative correlation situation. Moreover, the default of a counterparty can increase (or decrease) the volatility of the firm's stock, as observed in the past crisis. In this paper, we study the pricing of an European option whose underlying asset is exposed to a counterparty risk. The global market information is modeled by a progressive enlargement of a reference filtration (see [1] ), denoted by F, representing the default-free information, and the dependence of default times τ is modeled by a conditional density hypothesis. The default time τ is in general a totally inaccessible stopping time with respect to the enlarged filtration G, but is not an F-stopping time. To price in this incomplete market we use the utility-indifference pricing method first adapted by [2] . The advantage of this method is the inclusion of its economic justification and risk aversion, but the disadvantage is that we have to consider two optimal investment problems with and without trading a derivative. Our main contribution in this paper is the calculation of the minimal entropy martingale measure (MEMM) for our pricing model which included a jump and changes in the coefficients of the price process after the default time of the counterparty. By using this MEMM and the result in [3] , we can reduce the utility indifference pricing problem to just one optimal control problem and utilize its advantages for an exponential utility function. We then employ the decomposition of the value function before and after default proposed by [4] , which separates the problem into after-default and global before-default subproblems, and solves each subproblem by considering a backward stochastic differential equation (BSDE). We solve the utility-indifference price with exponential utility function for a vanilla option whose underlying asset is influenced by counterparty risk in which the underlying asset experiences not only a price's jump but also changes in its drift and/or volatility. The paper is structured as follows. We note that is a (P, F)-mart Under the hypo a G-semimartin 1 -decomposition of the form tem as in [4] (see equations (3.8) and (3.9) ), we have the decomposition of the global optimization problem (18) in the following remark
Solution of the optimal investment problem
Numerical results
where L t Furthermore, the process
is the (P, G)-predictable compensator of jump process D. By denoting λ t = α t (t) G t , we have
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: 
where L 
and β t terms of the density α given by (see [1, 5, 6] )
where W G is a (P, G)-Brownian motion and 
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: which ensure that the dynamics of the discounted price process is well defined. We denote two G-adapted processes µ and σ by and β F t is solution of
where φ F t solves the following ODE (φ Furthermore, β F t admits the following expression, using Lambert W-function (see [9] )
and we have w ∈ R because 
where ϕ t terms of the density α given by (see [1, 5, 6] )
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: which ensure that the dynamics of the discounted price process is well defined. We denote two G-adapted processes µ and σ by 
Furthermore, β t terms of the density α given by (see [1, 5, 6] )
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: and β F t is solution of
where In Fig. 2 , we present the dependence of indifference price on jump's size, classifying by three forms of volatility. We found that in the case where volatility is unchanged ("Indifference price 1" curve), the utility indifference price without jump (that is, jump's size is 0) is equal to the Black-Scholes , we have
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: which ensure that the dynamics of the discounted price process is well defined. We denote two G-adapted processes µ and σ by
• Wealth dynamic: Letπ = (π t ) t∈ [0,T ] , which is G-predicta of wealth invested at time t in the sto strategy). We also define the discounted e −rtπ t , where r is the risk-free rate. Si section,π could be decomposed into th π t =π 
where S F is an F-adapted process representing the discounted price process in the default-free market, governed by: which ensure that the dynamics of the discounted price process is well defined. We denote two G-adapted processes µ and σ by the form σ d t (θ ) = σ F + ae −b(t−θ ) , a > 0.
• Wealth dynamic: Letπ = (π t ) t∈ [0,T ] , which is G-predictable, de of wealth invested at time t in the stock (als strategy). We also define the discounted strate e −rtπ t , where r is the risk-free rate. Similarly section,π could be decomposed into the form 
Conclusion
This paper studies the valuation problem of a derivative in the presence of counterparty risk for the trading underlying asset, where the price, drift and volatility of the asset may change abruptly. We use the minimal entropy martingale measure approach to solve the utility indifference equation. This approach, combined with an exponential utility function, helps reduce the problem to solving a unique optimization problem. The main contribution of this work is the derivation of the MEMM density in the above framework (with the presence of counterparty risk). In order to solve the remaining optimization problem and derive the derivative's price, we employ the decomposition approach proposed by [4] , and find the value function after and before the default successively. Finally, we demonstrate numerical calculation for a standard European option and are able to quantify the impact of the default (size of the jump, change in volatility) and its intensity on the derivative's price. This result is encouraging given the increasing awareness of counterparty risk in the financial market.
